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theoretical papers and carried out applications in close collaboration with industrial
teams. For instance:

*  Robustness of the piloting law for a civilian space launcher for which an expert
system was developed

*  Forecasting of the electricity consumption by nonlinear methods

+ Forecasting of air pollution
Notes by Yves Meyer

The history of wavelets is not very old, at most 10 to 15 years. The field experienced
a fast and impressive start, characterized by a close-knit international community
of researchers who freely circulated scientific information and were driven by the
researchers' youthful enthusiasm. Even as the commercial rewards promised to be
significant, the ideas were shared, the trials were pooled together, and the successes
were shared by the community.

There are lots of successes for the community to share. Why? Probably because the
time is ripe. Fourier techniques were liberated by the appearance of windowed Fourier
methods that operate locally on a time-frequency approach. In another direction, Burt-
Adelson's pyramidal algorithms, the quadrature mirror filters, and filter banks and
subband coding are available. The mathematics underlying those algorithms existed
earlier, but new computing techniques enabled researchers to try out new ideas rapidly.
The numerical image and signal processing areas are blooming.

The wavelets bring their own strong benefits to that environment: a local outlook,

a multiscaled outlook, cooperation between scales, and a time-scale analysis. They
demonstrate that sines and cosines are not the only useful functions and that other bases
made of weird functions serve to look at new foreign signals, as strange as most fractals
or some transient signals.

Recently, wavelets were determined to be the best way to compress a huge library of
fingerprints. This is not only a milestone that highlights the practical value of wavelets,
but it has also proven to be an instructive process for the researchers involved in the
project. Our initial intuition generally was that the proper way to tackle this problem
of interweaving lines and textures was to use wavelet packets, a flexible technique
endowed with quite a subtle sharpness of analysis and a substantial compression
capability. However, it was a biorthogonal wavelet that emerged victorious and at this
time represents the best method in terms of cost as well as speed. Our intuitions led
one way, but implementing the methods settled the issue by pointing us in the right
direction.
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For wavelets, the period of growth and intuition is becoming a time of consolidation and
implementation. In this context, a toolbox is not only possible, but valuable. It provides a
working environment that permits experimentation and enables implementation.

Since the field still grows, it has to be vast and open. The Wavelet Toolbox product
addresses this need, offering an array of tools that can be organized according to several
criteria:

+ Synthesis and analysis tools

+ Wavelet and wavelet packets approaches
* Signal and image processing

* Discrete and continuous analyses

*  Orthogonal and redundant approaches

* Coding, de-noising and compression approaches

What can we anticipate for the future, at least in the short term? It is difficult to

make an accurate forecast. Nonetheless, it is reasonable to think that the pace of
development and experimentation will carry on in many different fields. Numerical
analysis constantly uses new bases of functions to encode its operators or to simplify its
calculations to solve partial differential equations. The analysis and synthesis of complex
transient signals touches musical instruments by studying the striking up, when the
bow meets the cello string. The analysis and synthesis of multifractal signals, whose
regularity (or rather irregularity) varies with time, localizes information of interest at

its geographic location. Compression is a booming field, and coding and de-noising are
promising.

For each of these areas, the Wavelet Toolbox software provides a way to introduce, learn,
and apply the methods, regardless of the user's experience. It includes a command-line
mode and a graphical user interface mode, each very capable and complementing to the
other. The user interfaces help the novice to get started and the expert to implement
trials. The command line provides an open environment for experimentation and
addition to the graphical interface.

In the journey to the heart of a signal's meaning, the toolbox gives the traveler both
guidance and freedom: going from one point to the other, wandering from a tree structure
to a superimposed mode, jumping from low to high scale, and skipping a breakdown
point to spot a quadratic chirp. The time-scale graphs of continuous analysis are often
breathtaking and more often than not enlightening as to the structure of the signal.

Here are the tools, waiting to be used.

xvil



Acknowledgments

Yves Meyer
Professor, Ecole Normale Supérieure de Cachan and Institut de France

Notes by Ingrid Daubechies

Wavelet transforms, in their different guises, have come to be accepted as a set of tools
useful for various applications. Wavelet transforms are good to have at one's fingertips,
along with many other mostly more traditional tools.

Wavelet Toolbox software is a great way to work with wavelets. The toolbox, together
with the power of MATLAB® software, really allows one to write complex and powerful
applications, in a very short amount of time. The Graphic User Interface is both user-
friendly and intuitive. It provides an excellent interface to explore the various aspects
and applications of wavelets; it takes away the tedium of typing and remembering the
various function calls.

Ingrid C. Daubechies
Professor, Princeton University, Department of Mathematics and Program in Applied and
Computational Mathematics
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1 Wavelets, Scaling Functions, and Conjugate Quadrature Mirror Filters

Wavelet Families

The Wavelet Toolbox software includes a large number of wavelets that you can use for
both continuous and discrete analysis. For discrete analysis, examples include orthogonal
wavelets (Daubechies’ extremal phase and least asymmetric wavelets) and B-spline
biorthogonal wavelets. For continuous analysis, the Wavelet Toolbox software includes
Morlet, Meyer, derivative of Gaussian, and Paul wavelets.

The choice of wavelet is dictated by the signal or image characteristics and the nature of
the application. If you understand the properties of the analysis and synthesis wavelet,
you can choose a wavelet that is optimized for your application.

Wavelet families vary in terms of several important properties. Examples include:

+  Support of the wavelet in time and frequency and rate of decay.

*  Symmetry or antisymmetry of the wavelet. The accompanying perfect reconstruction
filters have linear phase.

*  Number of vanishing moments. Wavelets with increasing numbers of vanishing
moments result in sparse representations for a large class of signals and images.

+  Regularity of the wavelet. Smoother wavelets provide sharper frequency resolution.
Additionally, iterative algorithms for wavelet construction converge faster.

+ Existence of a scaling function, .

For continuous analysis, the Wavelet Toolbox software analytic wavelet-based analysis
for select wavelets. See cwt and icwt for details. “Inverse Continuous Wavelet
Transform” for a basic theoretical motivation. Signal Reconstruction from Continuous
Wavelet Transform Coefficients illustrates the use of the inverse continuous wavelet
transform (CWT) for simulated and real-world signals.

Entering waveinfo at the command line displays a survey of the main properties of
available wavelet families. For a specific wavelet family, use waveinfo with the wavelet
family short name. You can find the wavelet family short names listed in the following
table and on the reference page for waveinfo.

Wavelet Family Short Name |Wavelet Family Name

"haar" Haar wavelet

"db* Daubechies wavelets
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Wavelet Family Short Name |Wavelet Family Name

"sym*® Symlets

“coif* Coiflets

"bior* Biorthogonal wavelets

"rbio* Reverse biorthogonal wavelets

“meyr* Meyer wavelet

"dmey* Discrete approximation of Meyer wavelet
“gaus” Gaussian wavelets

"mexh*® Mexican hat wavelet (also known as the Ricker wavelet)
“morl* Morlet wavelet

"cgau” Complex Gaussian wavelets

"shan* Shannon wavelets

"fbsp* Frequency B-Spline wavelets

“cmor* Complex Morlet wavelets

Nie Fejer-Korovkin wavelets

To display detailed information about the Daubechies’ least asymmetric orthogonal

wavelets, enter:

waveinfo(“sym®)

To compute the wavelet and scaling function (if available), use wavefun.

The Morlet wavelet is suitable for continuous analysis. There is no scaling function
associated with the Morlet wavelet. To compute the Morlet wavelet, you can enter:

[psi,xval] = wavefun("morl*,10);
plot(xval,psi); title("Morlet Wavelet™);
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|
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For wavelets associated with a multiresolution analysis, you can compute both the
scaling function and wavelet. The following code returns the scaling function and wavelet
for the Daubechies’ extremal phase wavelet with 4 vanishing moments.

[phi,psi,xval] = wavefun("db4",10);
subplot(211);

plot(xval,phi);

title("db4 Scaling Function®);
subplot(212);

plot(xval,psi);

title("db4 Wavelet®);
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In discrete wavelet analysis, the analysis and synthesis filters are of more interest
than the associated scaling function and wavelet. You can use wFi l'ters to obtain the
analysis and synthesis filters.

Obtain the decomposition (analysis) and reconstruction (synthesis) filters for the B-
spline biorthogonal wavelet. Specify 3 vanishing moments in the synthesis wavelet and 5
vanishing moments in the analysis wavelet. Plot the filters’ impulse responses.

[LoD,HiD,LoR,HIR] = wFfilters("bior3.5%);
subplot(221);

stem(LoD);

title("Lowpass Analysis Filter®);
subplot(222);

stem(HiD);

title("Highpass Analysis Filter®);
subplot(223);

stem(LoR);

title("Lowpass Synthesis Filter®);
subplot(224);

stem(HiR);

title("Highpass Synthesis Filter™);
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Daubechies Wavelets: dbN

The dbN wavelets are the Daubechies’ extremal phase wavelets. N refers to the number of
vanishing moments. These filters are also referred to in the literature by the number of
filter taps, which is 2N. More about this family can be found in [Dau92] page 195. Enter
waveinfo("db"™) at the MATLAB command prompt to obtain a survey of the main
properties of this family.
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Daubechies Wavelets db4 on the Left and db8 on the Right
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The dbl wavelet is also known as the Haar wavelet. The Haar wavelet is the only
orthogonal wavelet with linear phase. Using waveinfo("haar "), you can obtain a
survey of the main properties of this wavelet.

Symlet Wavelets: symN

The symN wavelets are also known as Daubechies’ least-asymmetric wavelets. The
symlets are more symmetric than the extremal phase wavelets. In symN, N is the number
of vanishing moments. These filters are also referred to in the literature by the number
of filter taps, which is 2N. More about symlets can be found in [Dau92], pages 198,
254-257. Enter waveinfo("sym™) at the MATLAB command prompt to obtain a survey

of the main properties of this family.
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Symlets sym4 on the Left and sym8 on the Right

Coiflet Wavelets: coifN

B2 o+ & OF D@+

Coiflet scaling functions also exhibit vanishing moments. In coi fN, N is the number of
vanishing moments for both the wavelet and scaling functions. These filters are also
referred to in the literature by the number of filter coefficients, which is 3N. For the
coiflet construction, see [Dau92] pages 258-259. Enter waveinfo("coif") at the
MATLAB command prompt to obtain a survey of the main properties of this family.
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Coiflets coif3 on the Left and coif5 on the Right

If s is a sufficiently regular continuous time signal, for large j the coefficient <s,¢_ j, k> is
approximated by 972 s(Z_jk) .

If s is a polynomial of degree d, d < N — 1, the approximation becomes an equality. This
property is used, connected with sampling problems, when calculating the difference
between an expansion over the @;; of a given signal and its sampled version.

Biorthogonal Wavelet Pairs: biorNr.Nd

While the Haar wavelet is the only orthogonal wavelet with linear phase, you can design
biorthogonal wavelets with linear phase.

Biorthogonal wavelets feature a pair of scaling functions and associated scaling filters —
one for analysis and one for synthesis.

There is also a pair of wavelets and associated wavelet filters — one for analysis and one
for synthesis.

The analysis and synthesis wavelets can have different numbers of vanishing moments
and regularity properties. You can use the wavelet with the greater number of vanishing
moments for analysis resulting in a sparse representation, while you use the smoother
wavelet for reconstruction.
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See [Dau92] pages 259, 262—85 and [Coh92] for more details on the construction of
biorthogonal wavelet bases. Enter waveinfo("bior™) at the command line to obtain a
survey of the main properties of this family.

The following code returns the B-spline biorthogonal reconstruction and decomposition
filters with 3 and 5 vanishing moments and plots the impulse responses.

The impulse responses of the lowpass filters are symmetric with respect to the midpoint.
The impulse responses of the highpass filters are antisymmetric with respect to the
midpoint.

[LoD,HiD,LoR,HiR] = wFfilters("bior3.5%);
subplot(221);

stem(LoD);

title("Lowpass Analysis Filter®);
subplot(222);

stem(HiD);

title("Highpass Analysis Filter®);
subplot(223);

stem(LoR);

title("Lowpass Synthesis Filter®);
subplot(224);

stem(HiR);

title("Highpass Synthesis Filter™);
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Reverse Biorthogonal Wavelet Pairs: rbioNr.Nd
This family is obtained from the biorthogonal wavelet pairs previously described.

You can obtain a survey of the main properties of this family by typing
waveinfo("rbio") from the MATLAB command line.
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Reverse Biorthogonal Wavelet rbio1.5

Meyer Wavelet: meyr
Both y and ¢ are defined in the frequency domain, starting with an auxiliary function v

(see [Dau92] pages 117, 119, 137, 152). By typing waveinfo("meyr") at the MATLAB
command prompt, you can obtain a survey of the main properties of this wavelet.
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The Meyer wavelet and scaling function are defined in the frequency domain:

+ Wavelet function
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By changing the auxiliary function, you get a family of different wavelets. For the
required properties of the auxiliary function v (see“References” for more information).
This wavelet ensures orthogonal analysis.

The function y does not have finite support, but @ decreases to 0 when x — =, faster
than any inverse polynomial

—n
Vn e N,3C, such that |y(x) <C, (1 +xf? )

This property holds also for the derivatives
Vke N,Vne N,3C}, ,, , such that |y/(k)x| <Cp,(1 +|x|2) -n

The wavelet is infinitely differentiable.

Note Although the Meyer wavelet is not compactly supported, there exists a

good approximation leading to FIR filters that you can use in the DWT. Enter
waveinfo("dmey") at the MATLAB command prompt to obtain a survey of the main
properties of this pseudo-wavelet.

Gaussian Derivatives Family: gaus

This family is built starting from the Gaussian function f(x)=C - by taking the pth

e
derivative of f.

The integer p is the parameter of this family and in the previous formula, C, is such that

"f( p) ”2 =1 where f? is the pth derivative of f.

You can obtain a survey of the main properties of this family by typing
waveinfo("gaus”) from the MATLAB command line.
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Mexican Hat Wavelet: mexh

This wavelet is proportional to the second derivative function of the Gaussian probability
density function. The wavelet is a special case of a larger family of derivative of Gaussian
(DOG) wavelets. It is also known as the Ricker wavelet.

There is no scaling function associated with this wavelet.

Enter waveinfo("mexh*®) at the MATLAB command prompt to obtain a survey of the
main properties of this wavelet.

You can compute the wavelet with wavefun.
[psi,xval] = wavefun("mexh*,10);

plot(xval,psi);
title("Mexican Hat Wavelet®);
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Morlet Wavelet: morl

Both real-valued and complex-valued versions of this wavelet exist. Enter
waveinfo("morl™) at the MATLAB command line to obtain the properties of the real-
valued Morlet wavelet.

The real-valued Morlet wavelet is defined as:

v(x) = Ce™ cos(5x)

The constant C 1is used for normalization in view of reconstruction.

[psi,xval]l = wavefun("morl~®,10);
plot(xval,psi);
title("Real-valued Morlet Wavelet®);
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Real-valued Morlet Wavelet

The Morlet wavelet does not technically satisfy the admissibility condition..

Additional Real Wavelets

Some other real wavelets are available in the toolbox.

Complex Wavelets

The toolbox also provides a number of complex-valued wavelets for continuous wavelet
analysis. Complex-valued wavelets provide phase information and are therefore very
important in the time-frequency analysis of nonstationary signals.

Complex Gaussian Wavelets: cgau

This family is built starting from the complex Gaussian function

flx)=C pe_ixe_x2 by taking the p"” derivative of f. The integer p is the parameter of this

family and in the previous formula, C, is such that

"/Ap) ”2 =1 where f is the p" derivative of f.
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You can obtain a survey of the main properties of this family by typing
waveinfo("cgau®) from the MATLAB command line.

Plsal par bof funcion el Imaginany partof funchion Fal

Medulus ef funclion pail Engls of Funch on pal

-2

- p r - 2 :
Complex Gaussian Wavelet cgau8

Complex Morlet Wavelets: cmor

See [Teo98] pages 62—65.

A complex Morlet wavelet is defined by

x2

I//(x) :;e2l‘ﬂ'ﬂxeﬁ
ﬂ'fb

depending on two parameters:

*  fpis a bandwidth parameter.

+ f.1s a wavelet center frequency.

You can obtain a survey of the main properties of this family by typing
waveinfo("cmor®) from the MATLAB command line.
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Complex Frequency B-Spline Wavelets: fbsp
See [Te098] pages 62—65.

A complex frequency B-spline wavelet is defined by

v (x) = \/E(sinc [fb—x D p2imfox
m

depending on three parameters:

* mis an integer order parameter (m > 1).
*  fpis a bandwidth parameter.

* f.1s a wavelet center frequency.

You can obtain a survey of the main properties of this family by typing
waveinfo("fbsp™) from the MATLAB command line.
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Complex Shannon Wavelets: shan

See [Teo98] pages 62—65.

This family is obtained from the frequency B-spline wavelets by setting m to 1.

A complex Shannon wavelet is defined by

v (x) = \/fy sinc (fyx) e2infx

depending on two parameters:

* [y 1s a bandwidth parameter.

*  f.1s a wavelet center frequency.

You can obtain a survey of the main properties of this family by typing
waveinfo("shan®) from the MATLAB command line.
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Wavelet Families and Associated Properties — |

Property morl |mexh |meyr |haar |dbN |[symN |coifN |biorNr.Nd
Crude [ ] n

Infinitely regular [ [ [

Arbitrary regularity [ [ [ [
Compactly supported [ ] [ [ n
orthogonal

Compactly supported n
biothogonal

Symmetry [ [ [ [ [
Asymmetry [

Near symmetry [ n
Arbitrary number of [ [ [ [
vanishing moments

Vanishing moments [

for @

Existence of ¢ (] (] [ [ [ [
Orthogonal analysis [ ] [ ] [ n n
Biorthogonal analysis ] ] ] ] ] [
Exact reconstruction |~ [ ] [ ] [ ] ] ] ] ]
FIR filters [ (] (] (] (]
Continuous transform |m [ [ [ [ (] (] (]
Discrete transform [ [ [ n n
Fast algorithm [ [ [ [ [
Explicit expression (] (] (] For splines

Crude wavelet — A wavelet is said to be crude when satisfying only the admissibility
condition.

Regularity
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Orthogonal
Biorthogonal — See “Biorthogonal Wavelet Pairs: biorNr.Nd” on page 1-8.
Vanishing moments

Exact reconstruction — See “Reconstruction Filters” in the Wavelet Toolbox Getting
Started Guide.

Continuous — See “Continuous and Discrete Wavelet Transforms” in the Wavelet
Toolbox Getting Started Guide.

Discrete — See “Critically-Sampled Discrete Wavelet Transform” in the Wavelet Toolbox
Getting Started Guide.
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Wavelet Families and Associated Properties — I

Property rbioNr.Nd gaus |dmey (cgau |cmor  |fbsp shan

Crude ] ] ] ] ]

Infinitely regular ] | ] ] [

Arbitrary regularity =

Compactly supported
orthogonal

Compactly supported [
biothogonal

Symmetry ] ] | | ] ] |

Asymmetry

Near symmetry

Arbitrary number of [
vanishing moments

Vanishing moments for ¢

Existence of @ =

Orthogonal analysis

Biorthogonal analysis [

Exact reconstruction [ [ = [ [ [ [
FIR filters = [

Continuous transform [ [

Discrete transform [ [

Fast algorithm [ n

Explicit expression For splines ] | ] ] ]
Complex valued [ [ [ [
Complex continuous [ (] [ ] [
transform

FIR-based approximation [

Crude wavelet
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Regularity

Orthogonal

Biorthogonal — See “Biorthogonal Wavelet Pairs: biorNr.Nd” on page 1-8.
Vanishing moments

Exact reconstruction — See “Reconstruction Filters” in the Wavelet Toolbox Getting
Started Guide.

Continuous — See “Continuous and Discrete Wavelet Transforms” in the Wavelet
Toolbox Getting Started Guide.

Discrete — See “Continuous and Discrete Wavelet Transforms” in the Wavelet Toolbox
Getting Started Guide.

FIR filters — See “Filters Used to Calculate the DWT and IDWT” on page 3-45.
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Lifting Method for Constructing Wavelets

1-24

The so-called first generation wavelets and scaling functions are dyadic dilations

and translates of a single function. Fourier methods play a key role in the design of
these wavelets. However, the requirement that the wavelet basis consist of translates
and dilates of a single function imposes some constraints that limit the utility of the
multiresolution idea at the core of wavelet analysis.

The utility of wavelet methods is extended by the design of second generation wavelets
via lifting.

Typical settings where translation and dilation of a single function cannot be used
include:

*  Designing wavelets on bounded domains — This includes the construction of wavelets
on an interval, or bounded domain in a higher-dimensional Euclidean space.

* Weighted wavelets — In certain applications, such as the solution of partial
differential equations, wavelets biorthogonal with respect to a weighted inner product
are needed.

* Irregularly-spaced data — In many real-world applications, the sampling interval
between data samples is not equal.

Designing new first generation wavelets requires expertise in Fourier analysis. The
lifting method proposed by Sweldens (see [Swe98] in “References”) removes the necessity
of expertise in Fourier analysis and allows you to generate an infinite number of discrete
biorthogonal wavelets starting from an initial one. In addition to generation of first
generation wavelets with lifting, the lifting method also enables you to design second
generation wavelets, which cannot be designed using Fourier-based methods. With
lifting, you can design wavelets that address the shortcomings of the first generation
wavelets.

The following section introduces the theory behind lifting, presents the lifting functions
of Wavelet Toolbox software and gives two short examples:

+ “Lifting Background” on page 1-25
+  “Lifting Functions” on page 1-30

For more information on lifting, see [Swe98], [Mal98], [StrN96], and [MisMOPO03] in
“References”.
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Lifting Background

The DWT implemented by a filter bank is defined by four filters as described in “Fast
Wavelet Transform (FWT) Algorithm” on page 3-45. Two main properties of interest
are

* The perfect reconstruction property

* The link with “true” wavelets (how to generate, starting from the filters, orthogonal or
biorthogonal bases of the space of the functions of finite energy)

To illustrate the perfect reconstruction property, the following filter bank contains two
decomposition filters and two synthesis filters. The decomposition and synthesis filters
may constitute a pair of biorthogonal bases or an orthogonal basis. The capital letters
denote the Z-transforms of the filters..

H lz Tz—H—

G lz TZ—G—

This leads to the following two conditions for a perfect reconstruction (PR) filter bank:

H)H(2) + G(2)G(z) = 221

and

H(-2)H(z)+ G(—2)G(z) = 0

The first condition is usually (incorrectly) called the perfect reconstruction condition and
the second is the anti-aliasing condition.

The z“*? term implies that perfect reconstruction is achieved up to a delay of one sample
less than the filter length, L. This results if the analysis filters are shifted to be causal.
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Lifting designs perfect reconstruction filter banks by beginning from the basic nature of
the wavelet transform. Wavelet transforms build sparse representations by exploiting
the correlation inherent in most real world data. For example, plot the example of
electricity consumption over a 3-day period.

load leleccum;
plot(leleccum)
grid on; axis tight;

VAR

I I i
500 1000 1500 2000 2500 3000 3500 4000

The data do not exhibit arbitrary changes from sample to sample. Neighboring samples
exhibit correlation. A relatively low (high) value at index (sample) n is associated with
a relatively low (high) value at index n-1 and n+1. This implies that if you have only
the odd or even samples from the data, you can predict the even or odd samples. How
accurate your prediction is obviously depends on the nature of the correlation between
adjacent samples and how closely your predictor approximates that correlation.

Polyphase Representation

The polyphase representation of a signal is an important concept in lifting. You can view
each signal as consisting of phases, which consist of taking every N-th sample beginning
with some index. For example, if you index a time series from n=0 and take every other
sample starting at n=0, you extract the even samples. If you take every other sample
starting from n=1, you extract the odd samples. These are the even and odd polyphase
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components of the data. Because your increment between samples is 2, there are only
two phases. If you increased your increment to 4, you can extract 4 phases. For lifting,
it is sufficient to concentrate on the even and odd polyphase components. The following
diagram illustrates this operation for an input signal.

|2 Xe

Z II |2 Xo

where Z denotes the unit advance operator and the downward arrow with the number 2
represents downsampling by two. In the language of lifting, the operation of separating
an input signal into even and odd components is known as the split operation, or the lazy
wavelet.

To understand lifting mathematically, it is necessary to understand the z-domain
representation of the even and odd polyphase components.

The z-transform of the even polyphase component is

Xy(2) = 2x(2n)z_”

The z-transform of the odd polyphase component is

X1(2)=) x@n+ 12"

You can write the z-transform of the input signal as the sum of dilated versions of the z-
transforms of the polyphase components.

X(2) = Y x@n)z 7" + Y x@2n+ Dz 7" = Xp(2%) + 27 X, (%)

Split, Predict, and Update

A single lifting step can be described by the following three basic operations:
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Split — the signal into disjoint components. A common way to do this is to extract the
even and odd polyphase components explained in “Polyphase Representation” on page
1-26. This is also known as the lazy wavelet.

Predict — the odd polyphase component based on a linear combination of samples
of the even polyphase component. The samples of the odd polyphase component are
replaced by the difference between the odd polyphase component and the predicted
value. The predict operation is also referred to as the dual lifting step.

Update — the even polyphase component based on a linear combination of difference
samples obtained from the predict step. The update step is also referred to as the
primal lifting step.

In practice, a normalization is incorporated for both the primal and dual liftings.

The following diagram illustrates one lifting step.

X

Split P

: >§>——>A
Y
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Haar Wavelet Via Lifting

Using the operations defined in “Split, Predict, and Update” on page 1-27, you can
implement the Haar wavelet via lifting.

Split — Divide the signal into even and odd polyphase components.

Predict — Replace x(2n+1) with d(n)=x(2n+1)-x(2n). The predict operator is simply
x(2n).

Update — Replace x(2n) with x(2n)+d(n)/2. This is equal to (x(2n)+x(2n+1))/2.

The dual lifting in the z domain can be written in the following matrix form

1 0) X,
Pz) 1) X,
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with P(z)=1.

The primal lifting can be written in the z domain in the following matrix form

1 S(2 1 0)Xy2
0 1 |-Pk) 1) X2
with S(z)=1/2.
Finally, the primal and dual normalization can be incorporated as follows.
20 [1 S(z)j[ 1 OJ[XO(Z)]
1
0 — |0 1 |-P(» 1| X,(2
\/§ 1

To construct this lifting step in MATLAB, enter:

LiftHaar = liftwave(“haar");
displs(LiftHaar)

The following is displayed in the MATLAB command window.

LiftHaar = {...

"d- [ -1.00000000] [O]
p" [ 0.50000000] [O]
[ 1.41421356] [ 0.70710678] [1
¥

"d" denotes the dual lifting. Note that for convenience, the negative sign is incorporated
into the dual lifting step in the Wavelet Toolbox software. "p® denotes the primal

lifting and [ 1.41421356] [ 0.70710678] are the primal and dual normalization
constants. LiftHaar{1l,3} and LiftHaar{2, 3} give the highest degree of the Laurent
polynomials, which describe the dual and primal liftings. In this case, both are zero
because the dual and primal liftings are both described by scalars.

Bior2.2 Wavelet Via Lifting

This example presents the lifting scheme for the bior2.2 biorthogonal scaling and
wavelet filters.
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In the Haar lifting scheme, the dual lifting (predict operator) differenced the odd and
even samples. In this example, define a new predict operator that computes the average
of the two neighboring even samples. Subtract the average from the intervening odd
sample.

dn)=x@2n+1) - %[x(Zn) +x(2n +2)]

In the z-domain you can write the dual lifting step as
1
) O} xo02)
—§(1+2) 1 Xl(z)

To obtain the primal lifting, or update, examine the primal lifting in “Haar Wavelet
Via Lifting” on page 1-28. The update is defined in such a way that the sum of the
approximation coefficients is proportional to the mean of the input data vector.

2 x(n) = %Za(n)

To obtain the same result in this lifting step, define the update as

1 i(z_1+1) 11 OV xo(2)
0 1 —§(1+Z) 1 Xl(Z)

To obtain this lifting scheme at the command line, enter:

liftwave("bior2.2%)

Lifting Functions

The lifting functions of the toolbox are organized into five groups:

+ “Lifting Schemes” on page 1-31
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+  “Biorthogonal Quadruplets of Filters and Lifting Schemes” on page 1-31
+  “Usual Biorthogonal Quadruplets” on page 1-31
+  “Lifting Wavelet Transform (LWT)” on page 1-32

*  “Laurent Polynomials and Matrices” on page 1-32

Lifting Schemes

Function Name Description

Isinfo Information about lifting schemes

displs Display a lifting scheme

addlift Add primal or dual elementary lifting steps to a lifting
scheme

wavenames Wavelets with lifting schemes

Biorthogonal Quadruplets of Filters and Lifting Schemes

These functions connect lifting schemes to biorthogonal quadruplets of filters and
associated scaling and wavelet function pairs.

Function Name Description

lLiftfilt Apply elementary lifting steps on quadruplet of filters

filt2ls Transform a quadruplet of filters to a lifting scheme

Is2filt Transform a lifting scheme to a quadruplet of filters

bswfun Compute and plot biorthogonal “scaling and wavelet”
functions

Usual Biorthogonal Quadruplets

These functions provide some basic lifting schemes associated with some usual
orthogonal or biorthogonal (“true”) wavelets and the “lazy” one. These schemes can be
used to initialize a lifting procedure.

Function Name

Description

wavenames

Provides usual wavelet names available for LWT

1iftwave

Provides lifting scheme associated with a usual wavelet
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Function Name Description

wave2lp Provides Laurent polynomials associated with a usual

wavelet

Lifting Wavelet Transform (LWT)

These functions contain the direct and inverse lifting wavelet transform (LWT) files for
both 1-D and 2-D signals. LWT reduces to the polyphase version of the DWT algorithm
with zero-padding extension mode and without extra-coefficients.

Function Name Description

Iwt 1-D lifting wavelet transform

ilwt Inverse 1-D lifting wavelet transform

Iwtcoef Extract or reconstruct 1-D LWT wavelet coefficients
wt2 2-D lifting wavelet transform

ilwt2 Inverse 2-D lifting wavelet transform

Iwtcoetf2

Extract or reconstruct 2-D LWT wavelet coefficients

Laurent Polynomials and Matrices

These functions permit an entry to representation and calculus of Laurent polynomials

and matrices.

Function Name Description
laurpoly Constructor for the class of Laurent polynomials
laurmat Constructor for the class of Laurent matrices

The lifting folder and the two object folders @laurpoly and @laurmat contain many

other files.

Primal Lifting from Haar

These two simple examples illustrate the basic lifting capabilities of Wavelet Toolbox

software.

A primal lifting starting from Haar wavelet.
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Start from the Haar wavelet and get the corresponding lifting scheme.

Ishaar = liftwave("haar®);

displs(lIshaar);

Add a primal ELS to the lifting scheme.

els = {'p',[—0-125 0-125],0};

Isnew = addlift(Ishaar,els);

displs(lIsnew);

Transform the lifting scheme to biorthogonal filters quadruplet and plot the resulting
scaling function and wavelet.

[LoD,HiD,LoR,HIR] = Is2Filt(Isnew);

bswfun(LoD,HiD,LoR,HiR, "plot®);

Analysis scaling function (phiA)

Analysis wavelet function (psiA)
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Integer-to-Integer Wavelet Transform
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In several applications it is desirable to have a wavelet transform that maps integer
inputs to integer scaling and wavelet coefficients. You can accomplish easily using lifting.

Start with the Haar transform for an integer to integer wavelet transform and apply a

primal lifting step.
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Ishaar = liftwave("haar®, " int2int");
els = {"p",[-0.125 0.125],0};
Isnewint = addlift(lshaar,els);

Obtain the integer-to-integer wavelet transform of a 1-D signal and invert the transform
to demonstrate perfect reconstruction.

X = 1:8;

[cA,cD] = Iwt(Xx, Isnewint);
xnew = ilwt(cA,cD, Isnewint)
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Orthogonal and Biorthogonal Filter Banks

This example shows to construct and use orthogonal and biorthogonal filter banks with
the Wavelet Toolbox software. The classic critically sampled two-channel filter bank is
shown in the following figure.

H 2 Tz H

G 2 Tz G

Let ( and H denote the lowpass and highpass analysis filters and (+ and I denote the
corresponding lowpass and highpass synthesis filters. A two-channel critically sampled
filter bank filters the input signal using a lowpass and highpass filter. The subband
outputs of the filters are downsampled by two to preserve the overall number of samples.
To reconstruct the input, upsample by two and then interpolate the results using the
lowpass and highpass synthesis filters. If the filters satisfy certain properties, you can
achieve perfect reconstruction of the input. To demonstrate this, filter an ECG signal
using Daubechies' extremal phase wavelet with 2 vanishing moments. The example
explains the notion of vanishing moments in a later section.

load wecg;

plot(wecqg);
title(CECG Signal™)
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ECG Signal
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Obtain the lowpass (scaling) and highpass (wavelet) analysis and synthesis filters.
[gtilde,htilde,g,h] = wfilters("db27);

For this example, set the padding mode for the DWT to periodization. This does not
extend the signal.

origmodestatus = dwtmode("status”, "nodisplay”);
dwtmode(“per®, "nodisplay”);

Obtain the level-one discrete wavelet transform (DWT) of the ECG signal. This is
equivalent to the analysis branch (with downsampling) of the two-channel filter bank in
the figure.

[lowpass,highpass] = dwt(wecg,gtilde,htilde);
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Upsample and interpolate the lowpass (scaling coefficients) and highpass (wavelet
coefficients) subbands with the synthesis filters and demonstrate perfect reconstruction.

xrec = idwt(lowpass,highpass,g,h);
max(abs(wecg-xrec))

subplot(2,1,1)

plot(wecg); title("Original ECG Waveform®)
subplot(2,1,2)

plot(xrec); title("Reconstructed ECG Waveform®);

ans =
1.3658e-12
Original ECG Waveform
2 T T T T
1 - -
i r'
0 i | l'rlll I"IJ I b
| i T S P e
A F -
_2 1 1 i 1
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Reconstructed ECG Waveform
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The analysis and synthesis filters for the 'db2' wavelet are just time reverses of each
other. You can see this by comparing the following.

scalingFilters
waveletFilters

[flip(gtilde); gd]
[flip(htilde); h]

scalingFilters =

0.4830 0.8365 0.2241 -0.1294
0.4830 0.8365 0.2241 -0.1294

waveletFilters =

-0.1294 -0.2241 0.8365 -0.4830
-0.1294 -0.2241 0.8365 -0.4830

This is the case with all orthogonal wavelet filterbanks. The orthogonal wavelet families
supported by the Wavelet Toolbox are 'dbN'",'fkN','symN"', and 'coifN' where N is a valid
filter number.

Instead of providing dwt with the filters in the previous example, you the string 'db2'
instead. Using the wavelet family short name and filter number, you do not have to
correctly specify the analysis and synthesis filters.

[lowpass,highpass] = dwt(wecg, "db27);
xrec = idwt(lowpass,highpass, "db27);

The filter number in the Daubechies' extremal phase and least asymmetric phase
wavelets ('db' and 'sym') refers to the number of vanishing moments. Basically, a wavelet
with N vanishing moments removes a polynomial of order N-1 in the wavelet coefficients.
To illustrate this, construct a signal which consists of a linear trend with additive noise.

n = (0:511)/512;
X = 2*n+0.2*randn(size(n));
plot(n,x)
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Original ECG Waveform
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A linear trend is a polynomial of degree 1. Therefore, a wavelet with two vanishing
moments removes this polynomial. The linear trend is preserved in the scaling
coefficients and the wavelet coefficients can be regarded as consisting of only noise
Obtain the level-one DWT of the signal with the 'db2' wavelet (two vanishing moments)
and plot the coefficients.

[A,D] = dwt(x,"db2");

subplot(2,1,1)

plot(A); title("Scaling Coefficients”);
subplot(2,1,2)

plot(D); title("Wavelet Coefficients”);
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You can use dwt and 1dwt to implement a two-channel orthogonal filter bank, but

it is often more convenient to implement a multi-level two-channel filter bank using
wavedec. The multi-level DWT iterates on the output of the lowpass (scaling) filter. In
other words, the input to the second level of the filter bank is the output of the lowpass
filter at level 1. A two-level wavelet filter bank is illustrated in the following figure.
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At each successive level, the number of scaling and wavelet coeffficients is downsampled
by two so the total number of coefficients are preserved. Obtain the level three DWT of
the ECG signal using the 'sym4' orthogonal filter bank.

[C,L] = wavedec(wecg,3, "symd™);

The number of coefficients by level is contained in the vector, L. The first element of

L is equal to 256, which represents the number of scaling coefficients at level 3 (the
final level). The second element of L is the number of wavelet coefficients at level 3.
Subsequent elements give the number of wavelet coefficients at higher levels until you
reach the final element of L. The final element of L is equal to the number of samples
in the original signal. The scaling and wavelet coefficients are stored in the vector C in
the same order. To extract the scaling or wavelet coefficients, use appcoef or detcoef.
Extract all the wavelet coefficients in a cell array and final-level scaling coefficients.

wavcoefs = detcoef(C,L, "dcells™);
a3 = appcoef(C,L, "symd™);

You can plot the wavelet and scaling coefficients at their approximate positions.

cfsmatrix = zeros(numel(wecqg),4);
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cfsmatrix(1:2:end,1) = wavcoefs{1};
cfsmatrix(1:4:end,2) = wavcoefs{2};
cfsmatrix(1:8:end,3) = wavcoefs{3};
cfsmatrix(1:8:end,4) = a3;
subplot(5,1,1)
plot(wecg); title("Original Signal);
axis tight;
for kk = 2:4

subplot(5,1,kk)

stem(cfsmatrix(:,kk-1), "marker”, "none”, "ShowBaselLine”, "off");
ylabel ([*D" num2str(kk-1)]);
axis tight;
end
subplot(5,1,5);
stem(cfsmatrix(:,end), "marker”, "none”, "ShowBaseLine", "off");
ylabel ("A3"); xlabel("Sample®);
axis tight;
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Because the critically sampled wavelet filter bank downsamples the data at each level,
the analysis must stop when you have only one coefficient left. In the case of the ECG

signal with 2048 samples, this must occur when L = log, 2048

[C,L] = wavedec(wecg, log2(numel (wecg)), “sym4d");
fprintf("The number of coefficients at the final level is %d. \n",L(1));

The number of coefficients at the final level is 1.

If you wish to implement an orthogonal wavelet filter bank without downsampling, you
can use modwt.

ecgmodwt = modwt(wecg, "sym4”,3);
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ecgmra = modwtmra(ecgmodwt, "sym4®);
subplot(5,1,1);
plot(wecg); title("Original Signal);

title("MODWT-Based Multiresolution Analysis®);
for kk = 2:4

subplot(5,1,kk)
plot(ecgmra(kk-1,:));
ylabel ([*D" num2str(kk-1)]);

end

subplot(5,1,5);
plot(ecgmra(end, :));

ylabel ("A3"); xlabel("Sample®);

MODWT-Based Multiresolution Analysis
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In a biorthogonal filter bank, the synthesis filters are not simply time-reversed versions
of the analysis filters. The family of biorthogonal spline wavelet filters are an example of
such filter banks.

[LoD,HiD,LoR,HIR] = wfilters("bior3.5%);

If you examine the analysis filters (LoD,HiD) and the synthesis filters (LoR,HiR), you see
that they are very different. These filter banks still provide perfect reconstruction.

[A,D] = dwt(wecg,LoD,HiD);
xrec = 1dwt(A,D,LoR,HiR);
max(abs(wecg-xrec))

ans =

4.4409e-16

Biorthogonal filters are useful when linear phase is a requirement for your filter bank.
Orthogonal filters cannot have linear phase with the exception of the Haar wavelet filter.
If you have the Signal Processing Toolbox software, you can look at the phase responses
for an orthogonal and biorthogonal pair of wavelet filters.

[Lodb6,Hidb6] = wfilters("db6");

[PH1db6,W] = phasez(Hidb6,1,512);

PHIbior35 = phasez(HiD,1,512);

figure;

subplot(2,1,1)

plot(W./(2*pi),PHIdb6); title("Phase Response for db6 Wavelet®);
grid on;

xlabel ("Cycles/Sample®); ylabel("Radians®);

subplot(2,1,2)

plot(W./(2*pi),PHIbior35); title("Phase Response for bior3.5 Wavelet®);
grid on;

xlabel ("Cycles/Sample®); ylabel("Radians®);
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Phase Response for dbé Wavelet
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Set the dwtmode back to the original setting.

dwtmode(origmodestatus, "nodisplay”);
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Scaling Function and Wavelet

This example uses wavefun to demonstrate how the number of vanishing moments in a

biorthogonal filter pair affects the smoothness of the corresponding dual scaling function
and wavelet. While this example uses wavefun for a biorthogonal wavelet, "bior3.7",

you can also use wavefun to obtain orthogonal scaling and wavelet functions.

First, obtain the scaling and wavelet filters and look at the number of vanishing
moments in the wavelets. This is equivalent to looking at the number of zeros at -1+i0 in
the dual filter.

[LoD,HiD,LoR,HIR] = wFfilters("bior3.7%);

If you have the Signal Processing Toolbox™, you can use zplane to look at the number of
zeros at -1+10 for both the decomposition and reconstruction filters.

zplane(LoD); title("Decomposition Filter®);

figure;
zplane(LoR); title("Reconstruction Filter™);
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Decomposition Filter
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Imaginary Part

Reconstruction Filter
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If you zoom in on the region around -1+10, you find there are 7 zeros in the decomposition
filter and 3 zeros in the reconstruction filter. This has important consequences for

the smoothness of the corresponding scaling functions and wavelets. For biorthogonal
wavelets, the more zeros at -1+10 in the lowpass filter, the smoother the opposite scaling
function and wavelet is. In other words, more zeros in the decomposition filter implies

a smoother reconstruction scaling function and wavelet. Conversely, more zeros in the
reconstruction filter implies a smoother decomposition scaling function and wavelet.

Use wavefun to confirm this. For orthogonal and biorthogonal wavelets, wavefun

works by reversing the Mallat algorithm. Specifically, the algorithm starts with a single
wavelet or scaling coefficient at the coarsest resolution level and reconstructs the wavelet
or scaling function to the specified finest resolution level. Generally, 8 to 10 levels is
sufficient to get an accurate representation of the scaling function and wavelet.
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[phiD,psiD,phiR,psiR] = wavefun("bior3.7",10);
subplot(2,1,1)

plot([phiD®" phiR*]); grid on;

title("Bior3.7 Scaling Functions®);
legend("Decomposition”, "Reconstruction®);
subplot(2,1,2)

plot([psiD" psiR"]); grid on;

title("Bior3.7 Wavelets®);
legend("Decomposition”, "Reconstruction®);
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Because there are more than twice the number of zeros at -1+i0 for the lowpass
decomposition filter, the dual (reconstruction) scaling function and wavelet are much
smoother than the analysis (decomposition) scaling function and wavelet.
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Lifting a Filter Bank

This example shows how to use lifting to progressively change the properties of a perfect
reconstruction filter bank. The following figure shows the three canonical steps in lifting:
split, predict, and update.
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The first step in lifting is simply to split the signal into its even- and odd-indexed
samples. These are called polyphase components and that step in the lifting process is
often referred to as the "lazy" lifting step because you really are not doing that much
work. You can do this in MATLAB by creating a "lazy" lifting scheme.

LS = liftwave("lazy");
Apply the lifting scheme to some data.

X = randn(8,1);
[ALazy,DLazy] = lwt(x,LS);

MATLAB™ indexes from 1 so ALazy contains the odd-indexed samples of x and DLazy
contains the even-indexed samples. Most explanations of lifting assume that the signal
starts with sample 0, so ALazy would be the even-indexed samples and DLazy the
odd-indexed samples. This examples follows that latter convention. The "lazy" wavelet
transform treats one half of the signal as wavelet coefficients, DLazy, and the other half
as scaling coefficients, ALazy. This is perfectly consistent within the context of lifting,
but a simple split of the data does really sparsify or capture any relevant detail.

The next step in the lifting scheme is to predict the odd samples based on the even
samples. The theoretical basis for this is that most natural signals and images exhibit
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correlation among neighboring samples. Accordingly, you can "predict" the odd-indexed
samples using the even-indexed samples. The difference between your prediction and
the actual value is the "detail" in the data missed by the predictor. That missing detail
comprises the wavelet coefficients.

The prediction step is also referred to as a "dual lifting step". In equation form, you can

write the prediction step as dj(n) = dj—1(n) = Plaj-1) where 4i-1(1) are the wavelet
coefficients at the finer scale and ®i-1is some number of finer-scale scaling coefficients.

P(-) is the prediction operator.

Add a simple (Haar) dual lifting step that subtracts the even (approximation)
coefficient from the odd (detail) coefficient. In this case the prediction operator is simply

(—1)aj-1(n) 1n other words, it predicts the odd samples based on the immediately
preceding even sample.

ElemLiftStep = {"d",-1,0};

The above code says "create an elementary dual (predict) lifting step using a polynomial
in = with the highest power =" The coefficient is -1. Update the lazy lifting scheme.

LSN = addlift(LS,ElemLiftStep, “end”);

Apply the new lifting scheme to the signal.
[A,D] = Iwt(X,LSN);

Note that the elements of A are identical to those in ALazy. This is expected because you
did not modify the approximation coefficients. If you look at the elements of D, you see
that they are equal to

Dnew = DLazy-ALazy;

Compare Dnew to D. Imagine an example where the signal was piecewise constant over
every two samples.

\%
u

[1-11-11-1];
repelem(v,2);

Apply the new lifting scheme to u.

[Au,Du] = Iwt(u,LSN);



Lifting a Filter Bank

You see that all the Du are zero. This signal has been compressed because all the
information is now contained in 6 samples instead of 12 samples. You can easily
reconstruct the original signal

urecon = ilwt(Au,Du,LSN);

In your prediction (dual lifting) step, you predicted that the adjacent odd sample in your
signal had the same value as the immediately preceding even sample. Obviously, this

1s true only for trivial signals. The wavelet coefficients capture the difference between
the prediction and the actual values (at the odd samples). Finally, use the update step
to update the even samples based on differences obtained in the prediction step. In this

case, update using the following aj(n) = aj1(n) +dj-1(n)/2 This replaces each even-

indexed coefficient by the arithmetic average of the even and odd coefficients. An update
step is also referred to as a primal lifting step.

elsprimal
LSupdated

{'p~,1/2,0%};
addlift(LSN,elsprimal,“end”);

Obtain the wavelet transform of the signal with the updated lifting scheme.

[A,D] = Iwt(x,LSupdated);

If you compare A to the original signal, X, you see that the signal mean is captured in the
approximation coefficients.

mean(A)
mean(x)
ans =

-0.0131

-0.0131

In fact, the elements of A are easily obtainable from X by the following.
=1
i

n ;
for i1 = 1:2:numel(X)
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meanz(n) = mean([x(ii) x(ii+1l)]);
n = n+l;
end

Compare meanz and A. As always, you can invert the lifting scheme to obtain a perfect
reconstruction of the data.

xrec = ilwt(A,D,LSupdated);
max(abs(x-xrec))
ans =

2.2204e-16

It is common to add a normalization step at the end so that the energy in the signal (i 3
norm) is preserved as the sum of the energies in the scaling and wavelet coefficients.
Without this normalization step, the energy is not preserved.

norm(x,2)"2
norm(A,2)"2+norm(D,2)"2
ans =

11.6150

ans =

16.8091

Add the necessary normalization step.

LSscaled = LSupdated;

LSscaled(end,1:2) = {sqrt(2), sqrt(2)/2};
[A,D] = Iwt(x,LSscaled);
norm(A,2)"2+norm(D,2)"2

ans =
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11.6150

Now the {* norm of the signal is equal to the sum of the energies in the scaling and

wavelet coefficients. The lifting scheme you developed in this example is the Haar lifting
scheme.

The Wavelet Toolbox™ supports many commonly used lifting schemes through
1iftwave with pre-defined dual, primal, and normalization steps. For example, you can
obtain the Haar lifting scheme with the following.

Ishaar = liftwave(“haar®);

If you compare Ishaar to LSUpdated, you see that our step-by-step lifting scheme
matches the Haar lifting scheme. To see that not all lifting schemes consist of single
dual and primal lifting steps, examine the lifting scheme that corresponds to the 'bior3.1'
wavelet.

Isbior3_1 = liftwave("bior3.1%)

Isbior3 1 =

4x3 cell array

"d- L 0.3333] [1]
p- [1x2 double] [O]
"d- [ -0.4444] [0]
[0.4714] L 2.1213] 1

You can also use HiFtfiltif you want to start with a set of biorthogonal (or orthogonal)
scaling and wavelet filters and "lift" them to another set. For example, start with the
Haar scaling and lifting filters.

[LoD,HiD,LoR,HiR] = wfilters(“haar");

Lift the Haar filters with two primal lifting steps.
twoels(l) = struct(“type®,"p","“value®, ...
laurpoly([0.125 -0.125],0));

twoels(2) = struct(“type®,"p",“value®, ...
laurpoly([0.125 -0.125],1));
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[LoDN,HiDN,LoRN,HiRN] = liftfilt(LoD,HiD,LoR,HiR,twoels);
Plot the resulting scaling and wavelet functions.

[phia,psia,phis,psis,xval] = bswfun(LoDN,HiDN,LORN,HiIRN);
subplot(2,2,1)

plot(xval,phia,"r", "linewidth",2);
title("Analysis Scaling Function®);
axis tight;

grid on;

subplot(2,2,2)
plot(xval,phis, " linewidth",2);

axis tight;

grid on;

title("Synthesis Scaling Function®);
subplot(2,2,3);
plot(xval,psia,"r", " linewidth",2);
axis tight;

grid on;

title("Analysis Wavelet®);
subplot(2,2,4);

plot(xval,psis, "linewidth",2);

axis tight;

grid on;

title("Synthesis Wavelet®);
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If you plot the analysis and synthesis scaling functions and wavelets for the bior1.3'
wavelet, you see that lifting the Haar wavelet as in the previous example has essentially
provided the biorl.3' wavelet to within a change of sign on the synthesis wavelet.

[LoD,HiD,LoR,HiR] = wFfilters("biorl.3");
[phia,psia,phis,psis,xval] = bswfun(LoD,HiD,LoR,HiR);
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Adding a Quadrature Mirror Filter
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This example shows how to add an orthogonal quadrature mirror filter (QMF) pair to
the Wavelet Toolbox™. While Wavelet Toolbox™ already contains many of the most
widely used orthogonal QMF families, including the Daubechies' extremal-phase, the
Daubechies' least-asymmetric phase, the coiflet, and the Fejer-Korovkin filters, you

can easily add your own QMF filters and use the filter in any of the discrete wavelet or
wavelet packet algorithms. This example adds the Beylkin(18) QMF filter to the toolbox
and shows how to subsequently use the filter in discrete wavelet analysis. Finally, the
example demonstrates how to verify the necessary and sufficient conditions for the QMF
pair to constitute a scaling and wavelet filter.

First, you must have some way of obtaining the coefficients. In this case, here are the
coefficients for the lowpass (scaling) Beylkin(18) filter. You only need a valid scaling
filter, wFi I ters creates the corresponding wavelet filter for you.

beyl = [9.93057653743539270E-02
4.24215360812961410E-01
6.99825214056600590E-01
4.49718251149468670E-01
-1.10927598348234300E-01
-2.64497231446384820E-01
2.69003088036903200E-02
1.55538731877093800E-01
-1.75207462665296490E-02
-8.85436306229248350E-02
1.96798660443221200E-02
4.29163872741922730E-02
-1.74604086960288290E-02
-1.43658079688526110E-02
1.00404118446319900E-02
1.48423478247234610E-03
-2.73603162625860610E-03
6.40485328521245350E-04] ;

Save the Beylkin(18) filter and add the new filter to the toolbox.
save beyl beyl

Use wavemngr to add the wavelet filter to the toolbox. Define the wavelet family name
and the short name used to access the filter. Define the wavelet type to be 1. Type 1
wavelets are orthogonal wavelets in the toolbox. Because you are adding only one wavelet
in this family, define the NUMS variable input to wavemngr to be an empty string.
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fami lyName

fami lyShortName
fami lyWaveType
fami lyNums
fileWaveName

Add the wavelet using wavemngr.

"beylkin®;
"beyl*;
1;

"beyl .mat”;

wavemngr(“add" ,fami lyName, fami lyShortName, fami lyWaveType,
fami lyNums, fi leWaveName)

Verify that the wavelet has been added to the toolbox.

wavemngr(“read")

ans =

Haar haar
Daubechies db
Symlets sym
Coiflets coif
BiorSplines bior
ReverseBior rbio
Meyer meyr
DMeyer dmey
Gaussian gaus
Mexican_hat mexh
Morlet morl
Complex Gaussian cgau
Shannon shan
Frequency B-Spline Tbsp
Complex Morlet cmor
Fejer-Korovkin Tk
beylkin beyl

You can now use the wavelet to analyze signals or images. For example, load an ECG
signal and obtain the MODWT of the signal down to level four using the Beylkin(18)

filter.

load wecg

wtecg = modwt(wecg, "beyl*®,4);
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Load a box image, obtain the 2-D DWT using the Beylkin(18) filter. Show the level-one
diagonal detail coefficients.

load xbox

[C,S] = wavedec2(xbox,1, "beyl™);
[H,V,D] = detcoef2("all",C,S,1);
subplot(2,1,1)

imagesc(xbox)

axis off

title(C"Original Image®)
subplot(2,1,2)

imagesc(D)

axis off

title("Level-One Diagonal Coefficients”®)

Original Image

Level-One Diagonal Coefficients
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Finally, verify that the new filter satisfies the conditions for an orthogonal QMF pair.
Obtain the scaling (lowpass) and wavelet (highpass) filters.

[Lo,Hi] = wFilters(“beyl®);
Sum the lowpass filter coefficients to verify that the sum equals V2. Sum the wavelet

filter coefficients and verify that the sum is 0.

sum(Lo)
sum(Hi)

ans

1.4142

ans

-1.9873e-16

Verify that the autocorrelation of the scaling and wavelet filters at all even nonzero lags
is 0. You have to have the Signal Processing Toolbox™ to use Xcorr.

[Clow, lags] = xcorr(Lo,L0,10);

Chigh = xcorr(Hi,Hi,10);

subplot(2,1,1)

stem(lags,Clow, "markerfacecolor”,[0 0 1])
grid on;

title("Autocorrelation of Scaling Filter™);
subplot(2,1,2)

stem(lags,Chigh, "markerfacecolor”,[0 0 1])
grid on;

title("Autocorrelation of Wavelet Filter™);
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Autocorrelation of Scaling Filter
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Note that the autocorrelation values in both plots is zero for nonzero even lags. Show
that the cross-correlation of the scaling and wavelet filter is zero at all even lags.

[xcr,lags] = xcorr(Lo,Hi,10);

figure

stem(lags, xcr, "markerfacecolor®,[0 0 1]);
title("Cross-correlation of QMF filters"®)
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Cross-correlation of QMF filters
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The final criterion states the sum of squared magnitudes of the Fourier transforms of
scaling and wavelet filters at each frequency is equal to 2. In other words, let G(f)pe
the Fourier transform of the scaling filter and H(f)pe the Fourier transform of the
wavelet filter. The following holds for all f: |H(f)]? + |G(f)]* = 2 The DFT version of

i ? 2
this equality is: |Gz kmod | + [ Hzvkmodn|” = 2 for any m. Check this for the Beylkin(18)
filter with m = ().

N = numel(L0);

LoDFT = fft(Lo);
HIDFT = FFt(Hi);
k = 0:N-1;

m = 0;
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sumDFTmags = abs(LoDFT(1+mod(2”m*k,N))) .~2+abs(HiDFT(1+mod(2"m*k,N))) ."2

sumDFTmags

-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000
-0000

NNNNNNNNNNNNNNNNNDN

All the values are equal to 2 as expected. To understand why these filters are called
quadrature mirror filters, visualize the squared-magnitude frequency responses of the
scaling and wavelet filters.

nfft = 512;

F = 0:1/nfft:1/2;

LoDFT = fft(Lo,nfft);

HiIDFT = fft(Hi,nfft);

figure
plot(F,abs(LoDFT(1:nfft/2+1)) ."2);
hold on

plot(F,abs(HIDFT(1:nfft/2+1)) ."2,"r")
legend("Scaling Filter®,"Wavelet Filter"®)

xlabel ("Frequency®); ylabel("Squared Magnitude®)
title("Beylkin(18) QMF Filter Pair"®)

grid on

plot([1/4 1/4], [0 2],°k")
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Squared Magnitude
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Note the the magnitude responses are symmetric, or mirror images, of each other around

the quadrature frequency of 1/4.

The following code removes the Beylkin(18) wavelet filter.

wavemngr(“del ", familyShortName);
delete("beyl_mat®)
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2 Continuous Wavelet Analysis

1-D Continuous Wavelet Analysis

The Wavelet Toolbox software enables you to perform a continuous wavelet analysis
of your univariate or bivariate 1-D input signals. You can perform continuous
wavelet analyses at the command line or with the app which you access by typing
waveletAnalyzer at the command line.

Key features include:

Continuous wavelet transform (CWT) of a 1-D input signal using real-valued and
complex-valued wavelets. The Wavelet Toolbox software features a CWT algorithm,
cwt, which is based on the correlation of the signal with an analyzing analytic
wavelet, .

Inverse CWT of 1-D input signal. For select analyzing wavelets, you can invert the
CWT to reconstruct a time and scale-localized approximation to your input signal. See
icwt for details.

Wavelet cross spectrum and coherence. You can use wcoherence to compute the
wavelet cross spectrum and coherence between two time series. The wavelet cross
spectrum and coherence can reveal localized similarities between two time series in
time and scale. See Wavelet Coherence for examples.

Pattern-adapted wavelets for signal analysis. A strength of wavelet analysis is

the ability to design wavelets that mimic the structures you wish to detect. Using
pat2cwav and wavemngr you can add custom wavelets optimized to detect specified
patterns in your data. See Pattern Adapted Wavelets for Signal Detection for
examples.

In this section, you'll learn how to

Load a signal

Perform a continuous wavelet transform of a signal
Produce a plot of the coefficients

Produce a plot of coefficients at a given scale

Produce a plot of local maxima of coefficients across scales
Select the displayed plots

Switch from scale to pseudo-frequency information

Zoom in on detail

Display coefficients in normal or absolute mode
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*  Choose the scales at which analysis is performed

Since you can perform analyses either from the command line or using the Wavelet
Analyzer app, this section has subsections covering each method.

The final subsection discusses how to exchange signal and coefficient information
between the disk and the graphical tools.
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Continuous Wavelet Analysis of Noisy Sinusoid Using Command Line Functions

Continuous Wavelet Analysis of Noisy Sinusoid Using Command
Line Functions

This example involves a noisy sinusoidal signal.

1.5

0.5

-0.5

15 - : -
0 200 400 600 800 1000

1 Load a signal.
From the MATLAB prompt, type
load noissin;
You now have the signal noissin in your workspace:

whos
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Name Size Bytes Class

noissin 1x1000 8000 double array

Perform a Continuous Wavelet Transform.

Use the cwt command. Type
c = cwt(noissin);

The arguments to cwt specify the signal to be analyzed. The returned argument c
contains the coefficients at various scales. In this case, ¢ is a 80-by-1000 matrix with
each row corresponding to a single scale.

Plot the coefficients.
The cwt command accepts a fourth argument. This is a flag that, when present,
causes cwt to produce a plot of the absolute values of the continuous wavelet

transform coefficients.

The cwt command can accept more arguments to define the different characteristics
of the produced plot. For more information, see the cwt reference page.

c = cwt(noissin,1:48,"db4","plot");

A plot appears.
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Absolute Values of Ca b Coefficients fora= 12345 .

scales a

200 400 600 800 1000
time (or space) b

Of course, coefficient plots generated from the command line can be manipulated
using ordinary MATLAB graphics commands.

4  Choose scales for the analysis.
The second argument to cwt gives you fine control over the scale levels on which the
continuous analysis is performed. In the previous example, we used all scales from 1
to 48, but you can construct any scale vector subject to these constraints:
+ All scales must be real positive numbers.
* The scale increment must be positive.

* The highest scale cannot exceed a maximum value depending on the signal.
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Let's repeat the analysis using every other scale from 2 to 128. Type
c = cwt(noissin,2:2:128,"db4", "plot™);

A new plot appears:

Absolute Values of Ca,b Coefficients fora= 246 810 ...

122
114
106
98
90
g2
74
66
58
50
42
34
28
18
10

scales a

200 400 600 800 1000
time (or space) b

This plot gives a clearer picture of what's happening with the signal, highlighting the
periodicity.
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Continuous Wavelet Analysis of Noisy Sinusoid Using the Wavelet
Analyzer App

This example shows how to use Continuous Wavelet 1-D tool to analyze a noisy
sinusoidal signal.

1 Start the Continuous Wavelet 1-D Tool. From the MATLAB prompt, type

waveletAnalyzer

The Wavelet Analyzer appears.

"4 Wavelet Analyzer

(E=S EER =

File Window Help ~

One-Dimensional

l

Wavelet 1-D

l

Wavelet Packet 1-D

Continuous Wavelet 1-D

Complex Continuous Wavelet 1-D

Continuous Wavelet 1-D (Using FFT)

Specialized Tools 1-D

SWT Denoising 1-D

Density Estimation 1D

Regression Estimation 1-D

Wavelet Coefficients Selection 1-D

Fractional Brownian Generation 1-D

Two-Dimensional

Wavelet2D

Wavelet Packet 2D

Directional Continuous Wavelet Transform 2-D

Matening Pursuit 1-D

Specialized Tools 2-D

True Compression 2-D

SWT Denoising 2-D

Three-Dimensional

Wavelet Coefficients Selection 2-D

Wavelet 3-D

Image Fusion

Multiple 1.0

Display

Multisignal Analysis 1-D

Wavelet Display l

Nultivariate Denoising

Wavelet Packet Display l

Multiscale Princ. Comp. Analysis

Wavelet Design

Extension

Signal Extension ]

New Wavelet for CWT

Image Extension ]

Click the Continuous Wavelet 1-D menu item.

The continuous wavelet analysis tool for 1-D signal data appears.
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-} Continuous Wavelet 1-D
File Wiew Insert Tools ‘Window Help

~=lolx|

Wavelet

Data [Size] I

Ihaal A

| Sampling Period: I ‘

Scale Setti

ISIep by
Min [> 0]

Step [>0)

Step Mode j
l—
l—

Max

—

Analpze

Hew Coefficients Line

BelieshMamma lines

Selected Axes
I¥ | Coetficients
I¥ | Coetficients Line
¥ | Mamima)Lines

 Geales € Frequencies
C Mode
[init + by scale + abs =
Colormap pink =
Nb. Colors Bl | r I 128
Brightness - | + |

£- I -
££-

b
l—

= o [y Center U Info == History View Axes Close |

2 Load a signal.
Choose the File > Load Signal menu option.
When the Load Signal dialog box appears, select the MAT-file noissin.mat, which
should reside in the MATLAB folder toolbox/wavelet/wavelet. Click the OK
button.
The noisy sinusoidal signal is loaded into the Continuous Wavelet 1-D tool.
The default value for the sampling period is equal to 1 (second).

3 Perform a Continuous Wavelet Transform.
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To start our analysis, let's perform an analysis using the db4 wavelet at scales 1
through 48, just as we did using command line functions in the previous section.

In the upper right portion of the Continuous Wavelet 1-D tool, select the db4

wavelet and scales 1-48.

=10l x|

k-

Data (Size)

Wavelet

| noissin (1000)
fdb =l | [[—— Select dbd

Sampling Period I 1

Scale Settings

Step by Step Mode =l
Min (=0 | 1
Step (= 0) | 1| >:- Select scales 1 1o 48 in steps of 1
Max ( <= 256 | 48

:

Analyze

Click the Analyze button.

After a pause for computation, the tool displays the coefficients plot, the coefficients
line plot corresponding to the scale a = 24, and the local maxima plot, which displays
the chaining across scales (from a = 48 down to a = 1) of the coefficients local
maxima.
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Analyzed Signal (encgth = 1000)
T T T

A 1 1 1 1 1 1 L
100 200 300 400 S00 BOO Foo 800 500 1000
Ca b Coefficients - Coloration mode: int + by scale + abs

A L
by 1 l ' "”- M)
[ S
; Cosfficients L\nsec—a Iéau,tg ?S;Ds'ge!fec'g:m Izhllttu[f?'neﬁqﬁency = 0.030)
a
1 10'0 20'0 30'0 40'0 SUID GDIU To0 EDIU SD‘U 1000
______ ~ __'LUEEIMaxlmaLlnas e
T o s s m  ew aw éﬂﬂ
5 View Wavelet Coefficients Line.
Select another scale a = 40 by clicking in the coefficients plot with the right mouse
button. See step 9 to know, more precisely, how to select the desired scale.
Click the New Coefficients Line button. The tool updates the plot.
Coefficients Line - Ca b for scale a = 40 (freguency = 0.018)
2 T T T T T T T T T
o WMNM\M
=z L ! ! ! L ! ! ! L

100 200 300 400 300 =10 aa aao 300 1000

6 View Maxima Line.

Click the Refresh Maxima Line button. The local maxima plot displays the
chaining across scales of the coefficients local maxima from a = 40 down to a = 1.
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]
100 200 300 400 00 (E0]H] oo =01 A00 4000

i
i
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|
|
|
|

Hold down the right mouse button over the coefficients plot. The position of the
mouse 1s given by the Info frame (located at the bottom of the screen) in terms of
location (X) and scale (Sca).
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Analyzed Signal (length = 10000

100 200 300 400 =00 GO0 oo aoo0 Q00 000
Ca,b Coefficients - Coloration mode: init + by scale + abs
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7  Switch from scale to Pseudo-Frequency Information.

Using the option button on the right part of the screen, select Frequencies instead
of Scales. Again hold down the right mouse button over the coefficients plot, the
position of the mouse is given in terms of location (X) and frequency (Frq) in Hertz.
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Analyzed Signal (length = 10007
1 [ T T T T T T T T

100 200 300 400 a0 GO0 Fon S0 Q00 1000
Ca,b Coefficients - Coloration mode: init + by scale + abs

I LN lhl'l

I R

Wil h.t
_ ] X |

Scale of colors from MM to kL
Coefficients Line - Ca b for scale & = 40 (fregquency = 0.013)

100 200 300 400 s00 GO0 oo 00 =[] 1000
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This facility allows you to interpret scale in terms of an associated pseudo-frequency,
which depends on the wavelet and the sampling period..

8 Deselect the last two plots using the check boxes in the Selected Axes frame.
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2 Continuous Wavelet Analysis

Analyzed Signal (length = 10000
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Drag a rubber band box (by holding down the left mouse button) over the portion of
the signal you want to magnify.
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9 Zoom in on detail.
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Continuous Wavelet Analysis of Noisy Sinusoid Using the Wavelet Analyzer App

Analyzed Signal (lendgth = 10000
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10 Click the X+ button (located at the bottom of the screen) to zoom horizontally only.

&J&JM Center I.E.”.IJ K = E - Vigwy des
[ [ - J[xv-]1] on Info W= History [ <

The Continuous Wavelet 1-D tool enlarges the displayed signal and coefficients
plot (for more information on zooming, see “Connection of Plots” on page A-3 in
the Wavelet Toolbox User's Guide).
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2 Continuous Wavelet Analysis

Analyzed Signal (length = 1000

11
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As with the command line analysis on the preceding pages, you can change the
scales or the analyzing wavelet and repeat the analysis. To do this, just edit the
necessary fields and click the Analyze button.

View normal or absolute coefficients.

The Continuous Wavelet 1-D tool allows you to plot either the absolute values of
the wavelet coefficients, or the coefficients themselves.



Continuous Wavelet Analysis of Noisy Sinusoid Using the Wavelet Analyzer App

More generally, the coefficients coloration can be done in several different ways. For
more details on the Coloration Mode, see “Controlling the Coloration Mode” on page
A-8.

Choose either one of the absolute modes or normal modes from the Coloration
Mode menu. In normal modes, the colors are scaled between the minimum and
maximum of the coefficients. In absolute modes, the colors are scaled between zero
and the maximum absolute value of the coefficients.
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2 Continuous Wavelet Analysis

Importing and Exporting Information from the Wavelet Analyzer

App
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The Continuous Wavelet 1-D tool in the Wavelet Analyzer app lets you import
information from and export information to disk.

You can

* Load signals from disk into the Continuous Wavelet 1-D tool.

+  Save wavelet coefficients from the Continuous Wavelet 1-D tool to disk.

Saving Wavelet Coefficients

The Continuous Wavelet 1-D tool lets you save wavelet coefficients to disk. The toolbox
creates a MAT-file in the current folder with the extension wcl and a name you give it.

To save the continuous wavelet coefficients from the present analysis, use the menu
option File > Save > Coefficients.

A dialog box appears that lets you specify a folder and filename for storing the
coefficients.

Consider the example analysis:
File > Example Analysis > with haar at scales [1:1:64] — Cantor curve.

After saving the continuous wavelet coefficients to the file cantor.wcl, load the
variables into your workspace:

load cantor.wcl -mat

whos

Name Size Bytes Class

coeff 64x2188 1120256 double array
scales 1x64 512 double array
wname 1x4 8 char array

Variables coefs and scales contain the continuous wavelet coefficients and the
associated scales. More precisely, in the above example, coefs is a 64-by-2188 matrix,
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one row for each scale; and scales is the 1-by-64 vector 1:64. Variable wname contains
the wavelet name.
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2 Continuous Wavelet Analysis

Morse Wavelets
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In this section...

“What Are Morse Wavelets?” on page 2-22

“Morse Wavelet Parameters” on page 2-23

“Effect of Parameter Values on Morse Wavelet Shape” on page 2-23

“Relationship Between Analytic Morse Wavelet and Analytic Signal” on page 2